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Abstract 

In this article, we prove that the measures Qt associated to the one- 
dimensional Edwards' model on the interval [0, T] converge to a limit 
measure Q when T goes to infinity, in the following sense: for all s > 
and for all events A s depending on the canonical process only up to time 
s, Q T (A S ) -+Q(A a ). 

Moreover, we prove that, if P is Wiener measure, there exists a martin- 
gale (D s ) s6 i + such that Q(A S ) = Ep(1a s -D s ), and we give an explicit 
expression for this martingale. 



1 Introduction and statement of the main theo- 
rems 



Edwards' model is a model for polymers chains, which is defined by considering 
Brownian motion "penalised" by the "quantity" of its self- intersections (see also 
|Edw65| h More precisely, for d E N*, and T > 0, let p£° be Wiener measure 

on the space C([0,T],R d ), and (-X"t'^)te[o,T] the corresponding canonical pro- 
cess. The d-dimensional Edwards' model on [0, T] is defined by the probability 
f^' 13 onC([0,T],R d ) such that, very informally: 



measure 



exp 



>(<*) 

T 



exp 



(d) 



Xi d) )dsdu 



- T 



(1) 



where j3 is a strictly positive parameter, and S is Dirac measure at zero. 

(In this article, we always denote by Q[V] the expectation of a random variable 

V under the probability Q). 



Of course, ((TJ is not really the definition of a probability measure, since the 
integral with respect to Dirac measure is not well-defined. However, it has been 



proven that one can define rigorously the measure ( 



for d = 1, 2, 3, by giv- 



ing a meaning to ([T]) (for d > 4, the Brownian path has no self-intersection, so 



the measure 



, , has to be equal to ¥jf* ) . 
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In particular, for d = 1, one has formally the equality: 

i-T t-T 



5{X^-X^)dsdu= {L y T fdy (2) 



/o Jo 

where (L^^gR is the continuous family of local times of (Xg ) S <T (which is 
P^P-almost surely well-defined). 

Therefore, one can take the following (rigorous) definition: 



_ eXP V 1 - ' -■•! p (i)_ 



exp 



Under Q^''^, the canonical process has a ballistic behaviour; more precisely, 

x (i> 

Westwater (see |We s85j) has proven that for T — > oo, the law of —f- under 

Q>p'^ tends to |(#j*£i/3 + (J^^i/a), where (5 X is Dirac measure at x and b* is 
a universal constant (approximately equal to 1.1). 

This result was improved in jydHdHK97] (see also [vdH98]), where van der 

\X {1) \-b*0 1/3 T 

Hofstad, den Hollander and Konig show that - — T ^ tends in law to a 

centered gaussian variable, which has a variance equal to a universal constant 
(approximately equal to 0.4; in particular, smaller than one). 
Moreover, in jydHdHKOSi], the authors prove large deviation results for the vari- 
able X T under Q^! ),/3 . 

In dimension 2, the problem of the definition of Edwards' model was solved by 
Varadhan (see |Var69j . |LG85| . |Ros86| l. In this case, it is possible to give a 

T T (2) f2) 

rigorous definition of / := J Q J <5(JQ — Xu )dsdu, but this quantity ap- 
pears to be equal to infinity. However, if one formally subtracts its expectation 

(2) 

(i.e. consider the quantity: / — Fj, [I]), one can define a finite random variable 
which has negative exponential moments of any order; therefore, if we replace 
Jo Jo 'K^s — Xu ) dsdu by this random variable in equation ([T]), we obtain a 
rigorous definition of Q^' 13 . Moreover, this probability is absolutely continuous 
with respect to Wiener measure. 

In dimension 3 (the most difficult case), subtracting the expectation (this tech- 
nique is also called "Varadhan renormalization") is not sufficient to define Ed- 
wards' model. However, by a long and difficult construction, Weswater (see 
|Wes80j . |Wes82| ) has proven that it is possible to define the probability Q^'^; 
this construction has been simplified by Bolthausen in |Bol93) (at least if f3 is 
small enough). Moreover, the measures (Q^ ' > '^)/3eR* are mutually singular, and 
singular with respect to Wiener measure. 

The behaviour of the canonical process under Q^'^ , as T — > oo, is essentially 
unknown for d — 2 and d — 3. One conjectures that the following convergence 
holds: 

QP' 13 [\\X t \\] -> DT' y 

where D > depends only on d and /3, and where v is equal to 3/4 for d = 2 
and approximately equal to 0.588 for d = 3 (sec [vdH98j, Chap. 1). 
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At this point, we note that all the measures considered above are defined on 
finite interval trajectories (exactly, on C([0,T],R)). 

An interesting question is the following: is it possible to define Edwards' model 
on trajectories indexed by K + ? 

More precisely, if P*^ is Wiener measure on C(K + ,K d ) and (Xg ) s gr + the cor- 
responding canonical process, is it possible to define a measure Q^'^ (for all 
P > 0) such that, informally: 

exp (-0fi> /~ S(X^-X^)dsdu) 



exp 



In this article, we give a positive answer to this question in dimension one. The 
construction of the corresponding measure is analogous to the construction given 
by Roynette, Vallois and Yor in their articles about penalisation (see [R VY06c] . 
|RVY05j . [RVYOBbj . [RVYOBap . 

More precisely, let us replace the notation P*- 1 ) by P for the standard Wiener 
measure and the notation (_X"i ) s6 m + by (X s ) se R, for the canonical process. If 
(J 7 s) s6 r + is the natural filtration of X, and if for all T e R+, the measure Qj. 
is defined by: 



where (£^)tgR+.j/gi. is the jointly continuous version of the local times of X 
(P-almost surely well-defined), the following theorem holds: 

Theorem 1.1 For all f3 > 0, there exists a unique probability measure Q' 3 such 
that for all s > 0, and for all events A s G T s : 

Q£(A S ) — ^ Q^(A S ). (3) 

1 — foo 



Theorem 1 1.1 1 is the main result of our article. 



Let us remark that if A s e T s (s > 0) and P(A S ) = 0, then Q^(A S ) = 0, 
since Qj, is, by definition, absolutely continuous with respect to P. Hence, if 
Theorem 1 1.1 1 is assumed, (Qr(A s ) is equal to zero. 

Therefore, the restriction of (Qr to T s is absolutely continuous with respect to 
the restriction of P to J 7 ,, and there exists a P-martingale (Df ) s >o such that 
for all s: 

In our proof of Theorem 11.11 we obtain an explicit formula for the martingale 
(Dj) s >o. However, we need to define other notations before giving this formula. 

Let v be the measure on M*,, defined by v(dx) = xdx, and let L 2 (y) be the set 
of functions g from to M such that: 

oo 

[g{x)] 2 v{dx) < oo, 
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equipped with the scalar product: 



(g\h) = / g(x)h{x)v{dx). 



Jo 



The operator JC defined from l?{v) n C 2 (R* + ) to C(M* + ) b Y : 



[K(g)](x) = 2^(1) + 



2 2' Or) 



(4) 



.T 



is the infinitesimal generator of the process 2R killed at rate x at level x, where R 
is a Bessel process of dimension two; it is a Sturm-Liouville operator, and there 
exists an orthonormal basis (e n ) n£ N of L 2 (v). consisting of eigenfunctions of /C, 
with the corresponding negative eigenvalues: — po > ~P\ > — Pi > — P3 > • •-> 
where p :— po is in the interval [2.18, 2.19]. 

Moreover, the functions (e„) Ilg N are analytic and bounded (they tend to zero at 
infinity, faster than exponentially), and eo is strictly positive (these properties 
are quite classical, and they are essentially proven in [vdH98j, Chap. 2 and 3; 
see also |HL99| 1. 

Now, for I £ R + , let us denote by (y" i y ) y6 K a process from R to M. + such that: 

• (Yj~ v ) y >o is a squared Bessel process of dimension zero, starting at /. 

• (Xi) y >Q is an independent squared Bessel process of dimension two. 

Moreover, let / be a continuous function with compact support from R to R + , 
and let M be a strictly positive real such that f(x) = for all x ^ [—M,M]. 
We define the following quantities: 



With these notations, we can state the following theorem, which gives an explicit 
formula for the martingale (D^) s >q: 

Theorem 1.2 For all ft > and for all continuous and •positive functions f 
with compact support, the quantity A@ ,M (f) is finite, different from zero, and 
does not depend on the choice of M > such that f = outside the interval 
[ — M, M]; therefore, we can write: A?(f) := A^' M {f). Moreover, for all s > 0, 
the density D@ of the restriction of to J- s , with respect to the restriction of 
P to T s , is given by the equality: 



where L' +Xs denotes the function F (which depends on the trajectory (X u ) u < s ) 
such that F(y) = L^+ Xs for all y£~R. 





(/)• 




(5) 
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Remark: The independence of A@' M (/) with respect to M (provided the sup- 
port of / is included in [—M,M]) can be checked directly by using the fact 
that 



exp 



(G) 



x>0 



is a martingale, property which can be easily proven by using the differential 
equation satisfied by eo- 



For I > 0, fx G R and u > let us now define the following quantity: 



KP\v) =a i (v)e fiV E 



1 du 



(7) 



where aj(«) = = e _i / 8l1 denotes the density of the first hitting time of zero 
of a Brownian motion starting at 1/2 (or equivalently, the density of the last 
hitting time oil/2 of a standard Bessel process of dimension 3), and (Ki 
is the bridge of a Bessel process of dimension 3 on [0, v], starting at 1/2 and 
ending at 0. 

To simplify the notation, we set: 

K l {v) = K< t °\v) 
Moreover, let us consider, for v > 0, the function Xv defined by: 



Xv(l) = 



Ki{v) 
I 



1 



-l 2 /8v - 



(8) 



for / > 0. 

With these notations, Theorem 11.21 is a essentially a consequence of the two 
propositions stated below. 



Proposition 1.3 When T goes to infinity: 



X T G[0,M] 



Proposition 1.4 When T goes to infinity: 



- I-^+fiy)] 2 dy 



X T >M 



^^ M (/)<oo, 



(9) 



(10) 



where K G W + is a universal constant (in particular, K does not depend on f 
and M ). 

Moreover, for all v > 0, Xv € L 2 {v) and the constant K is given by the formula: 



K 



e pv (Xv\e ) dv < oo. 



In the proof of these two propositions, we use essentially the same tools as in the 
papers by van der Hofstad, den Hollander and Konig. In particular, for / = 0, 
Propositions 11.31 and 11.41 are consequences of Proposition 1 of [vdHdHK97j. 
However, for a general function /, it is not obvious that one can deduce directly 
our results from the material of [vdHdHK97j and [vdHdHK03j, since for Xt > 0, 
one has to deal with the family of local times of the canonical process on the 
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intervals R_, [0,Xr] and [Xt,oo) as for / = 0, but also on the support of /. 
Moreover, some typos in [vdHdHK97j make the argument as written incorrect. 
For this reason, we present a proof of this result in a different way than was 
done in |vdHdHK97| . 

The next sections of this article are organized as follows: in Section 2, we prove 
that Propositions 11.31 and 11.41 imply Theorems 11.11 and 11.21 in Section 3, we 
prove Proposition 11.31 The proof of Proposition 11.41 is splitted into two parts: 
the first one is given in Section 4; the second one, for which one needs some 
estimates of different quantities, is given in Section 6, after the proof of these 
estimates in Section 5. In Section 7, we make a conjecture on the behaviour of 
the canonical process under the limit measure Q^. 



2 Proof of Theorems 11.11 and II. 2L assuming Propo- 
sitions 11.31 and 11.41 



Let us begin to prove the following result, which is essentially a consequence of 
Brownian scaling: 

Proposition 2.1 Let us assume Propositions [731 and \l-4\ For any positive 
continuous function f with compact support included in [— M, M], and for all 
(3>0: 



= p/3 2/3 T 



-Pj^[Ll+f{y)] 2 dy 



Kfi 1 ^ A^ M (f) < 



00, 



(11) 



when T goes to infinity. 

Proof: Propositions 11.31 and II .41 imply: 



oPT) 



-f^[L v T +f(y)] 2 dy 



X T >0 



T->c 



KA\ M (f)<^. 



Now, ((L T v ) y( zf L , —Xt) and ((L^^gR, Xt) have the same law; hence: 



■fZ a [L y T +f(y)] 2 dy 



X T <0 



-f™ ix [L-y+f(y)fdy 1 _ 



X T <0 



= e" T \ 



T-s-oo 



KA 1 l M {f) = KA 1 l M {f), 



which is finite. 
Therefore: 



- f-^T+fiv)} 2 dy 



T->c 



K A ' (f) < oo. 



Now, let us set: a = (3 ' . By Brownian scaling, (L^ 2 )yeM an d (c^jOyeR have 
the same law. Consequently: 



-Pi^[LV T +f{y)] 2 dy 



- f^L'z+ocfiza- 1 )] 2 dz 



T-foo 



KA^ Ma {f a ) <oo, 



G 



where f a , defined by f a (z) = af(za^ 1 ), has a support included in [—Ma, Ma]. 
Therefore, Proposition is proven if we show that A 1 > Mct (f a ) = a# M (/). 
Now, by change of variable and scaling property of squared Bessel processes: 



A\ Ma {f a ) 



dU 



dlE 



3 a I-L [- (Y l ' a +af(z)) 2 +pYr]dz eo /yMa ) 



3 / 3 /-L[-(^- 1 +/w) 2 +p«- 1 ^- 1 ]^ eo ( ar M_ 1 ) 



= a I dl~R 
'o 



^/^[-W+/W) a +A«- 1 ^]'te e0 ( o ^ ) l =aA 0,M {f y (12) 



By replacing / by /, one obtains: 

A_ (f a )=aA l _' (/), 
and by adding (HJ and (fT5)) : 

^• Ma (/ a ) = a^ M (/), 
which proves Proposition 12. II 



(13) 



□ 



At this point, we remark that A?(f) := A^' M (f) does not depend on M (as 
written in Theorem 1 1.2[) . since M does not appear in the left hand side of (fTT|) . 
Now, let T > s be in R+. One has, for all y e K: 

where L is the continuous family of local times of the process (X s+U — X s ) u >q. 
Therefore, for all /3 > 0: 



Under P and conditionally on J 7 ,, (L| +Xs ) yS R is fixed and by Markov property, 
(X s+U — X s ) u >o is a standard Brownian motion. 

Hence, if we assume Propositions 11.31 and 11.41 we obtain, by using Proposition 



Moreover: 

p(T-s)a 2 



oP (T- S )a 2 



JZoW) 2 *y\F s 



T-foo 



KaA^iL"; 



A',, 



< e p(T- S )a 2 



= e p(T- S )a 2 



P -^r»(4- s ) 3 ' 



< 2ifa^(0) < 



x. 
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if T — s is large enough. On the other hand: 



e pTa 1 
and for T large enough: 



-f3 }^(L y T ) 2 dy 



T->oo 



KaAP(0), 



>f«^(o). 



Now, for all /3 and /, A*(f) is different from zero (as written in Theorem 1 1.2[) . 
since it is the integral of a strictly positive quantity. Therefore: 



-pf^L^fdy 



-P J^L( l t) 2 d v 



and for s fixed and T large enough: 



T-s-c 



_ oa * s AP(L'+ x ») 
AP(p) ' 



< 4e pa s < 



Consequently, for all s > and A s £ J s , by dominated convergence: 



1/ 



-PST^(L y T ) 2 dy 



T->oo 



1a. e pa s 



AP(0) 



Hence: 



Q^(A S ) — ► P(l As -Df), 



T-s-oo 



where D@ is defined by the equation §5§: 

?2 /3 s A?(L'+ X >) 



D? = erf ' 8 . 



AP(0) 



This convergence implies Theorems 11.11 and 11.21 



□ 



3 Proof of Proposition 11.31 

If / is a continuous function from R to K + with compact support included in 
[-M,M], one has: 



< 



x T e[o,M] 



(14) 



by scaling properties of Brownian motion. 

Hence, the right hand side of (|14[) is decreasing with T, which implies (for 
T > 1): 



e-/--W+'W] > *l XTe| p, M ] 



< e pT / du 



T-l 
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< e" 

by using the equality 



duF 



T-l 



oS-oel-iKY+pK] dy 



pL v u dy = pu. 

By dominated convergence, Proposition 11.31 is proven if we show that: 



duF 



J-oe[-( LS u) 2 +P LS u] d V 1, 



< 00. 



(15) 



L x u e[o,M] 

In order to estimate the left hand side of (fl~5j) . we need the following lemma: 
Lemma 3.1 For every positive and measurable function G onRx C(R, K+): 

/ ¥[G(X a ,Ll)]du= da dlE[G(a,Y* a )] 

JO JM JO 

where the law of the process (Yi a )y£A is defined in the following way: 

• for a > 0, (Xi~a)y>o is a squared Bessel process of dimension zero, starting 
at I. 

• for a > 0, (Yi a ) v >o is an independent inhomogeneous Markov process, 
which has the same infinitesimal generator as a two-dimensional squared 
Bessel process for y € [0, a] and the same infinitesimal generator as a 
zero- dimensional squared Bessel process for y > a. 

• for a < 0, (l^jJyeR has the same law as (Yj^JyeR- 

Proof: For a > 0, let B be a standard Brownian motion, B^ an independent 
Brownian motion starting at a, and let us denote by (rj)/>o the inverse local 
time of B at level 0, and the first time when B^ reaches zero. 
By |Leu98j and |B Y88j . for every process {F u ) m >q on the space C(R+, K), which 
is progressively measurable with respect to the filtration (J- u ) u >q: 



duE[F u (B)} 



dl 



where Z^ l,a ^ is a process such that = B r for r <r\ and Z 



daE[F Ti+T ^(Z^)}, 



(16) 



(a) 



,(i,a) 



B. 



(a) 



for s < T L 

By applying (JTHJ) to the process defined by F U (X) — G(X U ,L' U ), and by using 
Ray-Knight theorems, one obtains Lemma \'S. II □ 

An immediate application of this lemma is the following equality: 







duF 



dl 



daE 



L x u e[o,M] 



(17) 



In order to majorize this expression, let us prove another result, which is also 
used in the proof of Proposition 11.41 
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Lemma 3.2 For all I > 0, fi € R and /or a/Z measurable functions g from 
to R+, f/ie following equality holds: 



Jo°°[-( Y i v of+» Y i v o\ d y 



where K[ (v) is defined by equation 10 . 
In particular: 



Yi\dy 



K^\v)g(v)dv. (18) 



E 



= K, 



(p) 



where 



& = 



Kl p) (v)dv. 



Moreover is bounded by a universal constant and: 



K\ p) dl < oo. 



Proof: The process Yj o is a local martingale with bracket given, for y > 0, 
by: 



Therefore: 



V' y — 9 r('/ 2 ) 



where £?('/ 2 ) is a Brownian motion starting at 1/2. Moreover, since Y^o stays at 
zero when it hits 0, the hitting time of zero for S^/ 2 ) is S — Y t x Q dx. Hence, 
the change of variable s — Jq Y^q dx gives: 



(»-Y l v )Y l ldy= I ^-2B^)ds 
Therefore, one has the equalities: 



E 



Y? dy 



E 



e f S (p-2B^ )dSg{s) 



e pv g(v)E \e~ # 2B ° /V ds \S = v] F[S G dv]. 



Now, this formula implies (fT5|) . since the density at v of the law of S is equal to 

ai(v) and the law of (Bs ) g < v , conditionally on S = v, is equal to the law of 
y{i/2.v) ( se6j for examp i e; pgfo] ). 

It only remains to prove the integrability of Kj . One easily checks that: 
Hence, if one sets: 

/(x)=Ai(2- 1 / 3 (2a ; -p)) 
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for the Airy function Ai (which is, up to a multiplicative constant, the unique 
bounded solution of the differential equation Ai'(x) = xAi(x)), the process N 
defined by: 



N t = f{Bf /2) )e^ (J {p-2B^)ds 



is a local martingale. 

Moreover, since p is smaller than — 2 1 / 3 times the largest zero of Airy function, 
the function / is strictly positive on R + and N is positive. By stopping N at 
time S, one gets a true martingale since < N t AS < I l/l loo e p *, and by Doob's 
stopping theorem and Fatou's lemma, one has: 

R i P ) < mm 

1 ~ /(o) • 

Since Airy function decays faster than exponentially at infinity, the bounded- 
ness and the integr ability of Kr P ^ are proven. □ 



It is now easy to prove that Lemma 13.21 implies Proposition 11.31 by using this 
lemma, the definition of Y^ a and Markov property at level a, one can see that 
the left hand side of (jTTJ) is equal to: 



dl 



A I 



daK^E 



3 /o a [-C*i*)"+^i"]jfW 



Now, Kya is uniformly bounded and — x 2 + px < ^- for all x g 
quantity p9p is bounded by a constant times: 

t-M 



D Mp 2 /i 



da 



dl K, 



(p) 



which is finite. 

Hence, one has (fT5]i . and finally Proposition 11.31 



(19) 
hence, the 



□ 



Remark: Proposition II . 31 remains true if one replaces p by any real p' which is 
strictly smaller than — 2 1 / 3 times the largest zero of Airy function (for example, 
one can take p' — 2.9). 



4 Proof of Proposition 11.41 (first part) 



The purpose of this first part is to prove the following proposition, which, in 
particular, gives another expression for the left hand side of (fTDj) : 



Proposition 4.1 For u,v,t,l > 0, let us define the quantities: 



(20) 



where \ v is given by ([5]) and (b!w^ 2 ^) w >o is a Bessel process of dimension 2, 
starting at 1/2; 



Ji(t — v, v) dv 



(21) 
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and for all iet, 



J { l p) {t) = e<> t t t> vJ l {t). 



Then, there exists a subset E o/R +7 such that the complement of E is Lebesgue- 
negligible, and for all T G E: 



dll 



M 



Yfdy 



(22) 



J-oo(-[ Y i v +m] 2 +P Y i v ) d y j{p) m 

Moreover, for all measurable functions h from (K+) 2 to K +; and for all I > 
dbE 



w) J;(u, v) du dv. 



(23) 



and for all measurable functions g from K + to 



dbE 



1 y 



g{t)Ji{t)dt. (24) 



Remark: In Proposition 14. 11 it is natural to expect that E is empty, even if 
we don't need it to prove our main result. 

Proof of Proposition I4.lt Equation (|22f) is a consequence of (j23|) and 

therefore, we begin our proof by these two equalities. By monotone class 
theorem, it is sufficient to prove (|2"3")) for functions h of the form: h(x,y) — 
hi(x)fi2(y), where hi and hi are measurable functions from R + to R + . 
By Lemmall for all I > 0: 



E 



/i2^) 



Hence, by applying Markov property to the process Yij at level b: 



dbE 



dbE 



'-M ^ Y Lb d V 



/»W*/H / Ifdy / K Yb (v)h 2 (v)dv 



dv h 2 {v)E 



dbe-^(yn 2 dy hl / y^J ^ yb(v) 



(25) 



Now, the function y from K + to K + , given by: 



j/(s) = inf{y e 



If «V = s} 
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is well-defined, continuous, strictly increasing and tending to infinity at infinity. 
Hence, one can consider the process (Qs )«>o such that: 

Q« = Y y{s) . 



One has: 



and the s.d.e.: 



dy{s) 



ds ds 



yy(s) g(0 ' 



2ds 



dQ« = 2^Y l v{s) dB y{s) + 2dy(s) = 2dB s + 



Q 



where B and B are Brownian motions: the processes and 2R^ m / 2 ^ have 

the same law. 

By a change of variable in ([2"5]) (6 = y(s),y = y(u)): 



dbE 



dv /i 2 (u)E 



dv/i 2 (u)E 



dy(s) e" » ! fti(s) (v) 



l W lW e- 3 /»^ ) ^ ?/J,W 



2i? 



(V2) 



which implies (|23|) . 

The equality ([2~i]) is easily obtained by applying (|2"3"|) to the function ft, : (it, v) 
g(u + v). 

Now, it remains to deduce from ([23]) and ([2"ip, 

For all measurable and positive functions g, one has, by Lemma 13.11 



dTg{T)\ 



■Ir oo [L v T +f(y)\ 2 dy t 



X T >M 



OO /'OO 

dl / daE 

: ) J M 



-j^ a +m] 2 dv g ( / ^ d|/ 



On the other hand, by applying Markov property (for the process Yz j0 , at level 
M), and by using the fact that f(y) = for y > M, one obtains, for all positive 
and measurable functions hi and /i 2 : 



/•OO />oo 

/ dl / 

Jo Jm 



daE 



-S-^.a+ftv)] 2 d y 



M 

hi\ I Y^dy] h 2 ( I Y« a dy 

M 



oo poo 

dl / d6E 

n JO 



M \ 

^1 / ifdy 



/.I^J d y 



M I Y Y M h dy\ \Y X 



M 



(26) 
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where Y y m b is a process which has, conditionally on Y t M = I', the same law as 
Vrj, 

Now, by putting the integral with respect to db just before the second expecta- 
tion in the right hand side of (|26[) . and by applying (flHl) to g = fi2, one obtains 
that the left hand side of is equal to: 



2 / (-A/ \ ^.00 

e-LlW] / h 2 (t)J Y M(t)dt 



dm 



Hence, by monotone class theorem, for all measurable functions h from to 



oo />oo 

dl / daE 



dlE 



M 



M 



YLdy, Y»dy 



I^+fiv)} 2 ^ J h ^j Y?dy,t\J Y u{t)dt 
By applying this equality to the function h : (u, v) — >■ g(u + u), we obtain: 
dTg(T)] 



dTg(T) / dlE 



JyM ( T - j Y t V dy) l f M^ yy dy<T 



Since this equality is true for all g, there exists a subset E of R + , such that the 
complement of E is Lebesgue-negligible, and for all T G E: 



--S-^[L y T +f(y)?d v 



dlE 



M 



JyM I T 



Y i d y 1 f*l yy dy <T 



which implies (|22|) . 



□ 



5 Some estimates 

In this section, we prove the following propositions, which give estimates for the 
different quantities introduced earlier in this paper. In the sequel of this paper, 
C denotes a universal and strictly positive constant, which may change from 
line to line. 

Proposition 5.1 For all I, v > 0, /i £ M, one has the majorization: 

K<f\v) < ^-3/2^-2.9)^/8^ (27 ) 

where Ki (v) is defined by J7]). 
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Proposition 5.2 For all M > 0, the random variable J Q M Yq dy admits a den- 
sity Dm with respect to Lebesgue measure, such that for all u > 0: 

(D M *K^)(u)<C M e'^' 1 , 
where Cm, vm > depend only on M . 
Proposition 5.3 For all l,u,v > 0: 



Ji{u,v) < 



(u + v)y/v 
C 



,-l 2 /8(u+v) 



Ji(u,v) < —= e 
\ v 



2.8v—pu 



(28) 



(29) 



if u > 2 (recall that Ji(u,v) is defined by (|20p ). 

Moreover, the function Xv from to R (recall that Xv{l) = ), is in L?(y), 
and for fixed I, v > and u going to infinity: 



eP u J t (u,v)^ (Xv\e )e (l). 
Proposition 5.4 For all t > 0: 



(30) 



e pt Ji(t) < C 

where Ji{t) is defined by (|2ip . 

Moreover, for I fixed and t going to infinity: 



e pt Ji{t) —>Keo(l), 
where K is the universal constant defined in Proposition \l .4\ 



(31) 



Proof of Proposition [5711 For all I > 0, the process V^ l ^ 2 ' v ^ is, by coupling, 
stochastically larger than y^/ 2 ."). Therefore, by scaling property: 



E 



-2£VV™ du 



< E 



E 



-2v 3 '* ft V£ ^ du 



Now, the Laplace transform of Vu 0,1 ^ du (the area under a normalized Brow- 
nian excursion) is known (see, for example, [Lou84|); one has, for A > 0: 



E 



-u„(A 2 /2) 1/3 



n=l 



where —u\ > — «2 > — u-j > ... are the (negative) zeros of the Airy function. 
Therefore 



E 



< y/8irv 3 e 



-2^ 3 u n v 



71=1 



and: 



E 



e J o 



-(2 1/3 u n -2.91)v 



(32) 



n=l 
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since v 3 / 2 is dominated by e 01 ". 

Now, 2 1 / 3 i*i > 2.91; hence, for v > 1, the infinite sum in (|32[) is smaller than 



-(2 1/3 it„-2.91) 



which is finite, since ii„ grows sufficiently fast with n (as n 2 / 3 ). Consequently, 
for v > 1: 



E 



2 /«**/''•''> A. 



e J ° 



< Ce 



-2.9u 



This majorization, which remains obviously true for v < 1 if we choose C > e 2 9 , 
implies easily (f2"T)l . □ 

Proof of Proposition l5T2t In |BPY01| . the density of the law of J Q 3^ is 

explicitly given: 

Dl (x) = tt£ (-1)" (n + ~ ) e -(«+5) 2 - 2 ,/2_ 
This formula proves that D± is continuous on K!j_ and that for x > 1: 

D x {x) < ne-^-^ 8 ( n +^j e"( n+ *) V/2 < Ce"*. (33) 

n=0 ^ ' 

Moreover, Di satisfies the functional equation: 

" 2 X 3/2 



Di(ar) = — £>i 

\7TX J 

which proves that, for x < -4-: 

I>i(aj) ^Car 3 /^" 4 /- 2 * <C. 

This inequality and the continuity of Dj imply that (f3"3")) applies for all a; £ K^. 
By scaling property of squared Bessel processes, the density Dm exists and one 
has: 

which implies 

C 

D M (x) <j^e-^. 

Therefore, for all u > 0: 

(D M *K^)(u) = f D M (u-v)K^(v)dv 
Jo 



M 2 Jo 

< 



M 2 
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The last inequality comes from the fact that p — 2.9 < 0.7, which implies, for 
< u < v. 



AP 



+ (p-2.9)v<- 



M 2 



0.7v < - 0.7 A 



1 

M 2 



Now, the integral JJ 1 lv~ 3 / 2 e~ l ^ 8v dv is proportional to the probability that a 

Brownian motion starting at 1/2 reaches zero before time u. 

Hence: 

' U lv- 3 / 2 e- l2 / 8v dv<Ce- l2 / Su , 



□ 



and finally: 

(D M * Kl p) )(u) < e -o.7u/ (i+M*)-?/8u 

< e -V ( ^ )(;2/8M) 

- M 2 

^, C i 

which proves Proposition 15.21 
Proof of Proposition l5T3l By definition of Ji(u,v), one has: 

<e[ x „ (2i?l' /2) )" . 

Now, the majorization (|27l) implies: 

X, (2i?l i/2) ) < C W - 3 / 2 e - 2 - 9 " e -« !/2, ) 2 / 2u . 

By using the explicit expression of the Laplace transform of the squared bidi- 
mensional Bessel process (see, for example, |RY91| V one obtains: 

MU,V) < Cw - 3 / 2 e - 2 - 9 -^— e-' 2 /8(«+.) 

U + V 

which implies (|28[) . 

In order to prove (I29p . let us consider, on the set of measurable functions from 
to K_|_, the semi-group of operators ($ s ) s >o associated to the process 2R 
(twice a Bessel process of dimension 2), and the semi-group (3? s ) s >o associated 
to the same process, killed at rate x at level x. 

For all positive and measurable functions ip, and for all I > 0, one has: 



[$'M](Z)=Ek2itf /2) ) 



$ S (V)](0 = E \e- 2 fo *2 /a) <*»^(2i#/a)) 



(34) 



(35) 



Now, let us observe that the measure v on M*. is reversible, and hence invariant 
by the semigroup of 2R. Since, for every measurable and positive function tp, 



(Vw) 2 < ($ S W) 2 < $ s (^ 2 ), 
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one gets 

WW\\h(,)< I ^dv = \\i>\\l Hv y (36) 



+ 



The inequality (I36p proves that the semigroup ($ s ) s >o can be considered as a 
semigroup of continuous linear operators on L 2 (v) . 

Moreover, the infinitesimal generator of 2R, killed at rate x at level x, is the 
operator K. defined at the beginning of our paper. Hence, if (e n ) n efi is an or - 
thonormal basis of L 2 (v) such that e„ is an eigenvector of /C, corresponding to 
the eigenvalue — p n (— p = —po > —pi > —pi > — ps > ...), one has, for all n: 

$ s (e„) =e-"" s e„. 
Now, for all tp £ L 2 {y), one has the representation: 

n>0 

and, by linearity and continuity of $ s : 

$ s (V>) = 5>-"» s <^|e n }e n . (37) 

n>0 

In particular: 

= E e ' 2P " S ((^l e «)) 2 ^ e- 2 ^^((^|e„)) 2 , 

n>0 n>0 

which implies: 

WWWl^) <e-" s U\\L^y (38) 
Moreover, one has the equality: 



e" s $^) - ( V>|eo )eo = E e (p " p " )s ( V>K ) e„, 

n=l 

e^$ s (^) — > (V|eo)e 



which implies that 



in L 2 (v). 

Now, by definition: 

J l (u,v)=($ u ( X v))(l) (39) 

where \v G L 2 (is), by the majorization (|7f|) . 
Hence, in L 2 (v), 

e pu J.(u,v) — ► (x«|eo) eo 
where J m (u,v) is the function defined by: 

(J.(u,«)) (I) = Ji(u,v). 
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In order to prove the corresponding pointwise convergence (which is ([50)) ). let 
us observe that for all ip € L 2 (v) : I > Q: 



ii^wokoi < m(2R[ l/2) )\] < [nmR { i /2) )f 



1/2 



< 

< 
< 



pl 2) ( -,x)(^(2x)Ydx 



1/2 



x{ip{2x)f dx 



1/2 



(40) 



(2) 

Here, we use the majorization p\ (x, y) < y, which comes from the fact that the 
transition densities of a tridimensional Brownian motion are uniformly bounded 
by l/2w at time 1. 

By pp]). one has for s > 1, I > 0, -0 G L 2 (v): 



\e" s (0-<#k>)eo(0l 



V s $^V,)-(^|eo)e J (01 

= e"| ($ x (e^- 1 )*- 1 ^) - ( V|eo> e )) (01 
< e P|| e P( S -i)^-i W _ (V ,| eo ) eo || L2H 
— ► 0. 

By applying this convergence to Xvi one obtains the pointwise (and in fact 
uniform) convergence (|30[) . 
Now, it remains to prove ([2"9"]l . 
For s > 1, I > 0, by and ([ID]). 

|[$ s (V)](0l = i^c*— 1 (^))](0| < H^WIIl-m < e-^-^HVII^w (41) 

By (|39p. and by semigroup property of $, one has for u > 1, l,v > 0: 



Moreover, by (|25j) : 



J ; ( U ,^) = [$"- 1 (J.(l, t ;))](0. 



(42) 



which implies: 



|J.(i,tO" 2 



< Ce 



< Ce 



-5.8t) 



-5.8v 



-i 2 m+v) dl 



l + v 



and 



< -e- 5 - ev , 
v 



C 

\J»{1,v)\\l*(i,) < 

Jv 
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For u > 2, we can combine (|4"Tj) and (|42[) . and we obtain: 

< Ce-^-^\\J.{l,v)\\ L , (v) < ^= e -" u - 2 - 8v , 

which is P5|l. 

The proof of Proposition 15.31 is now complete. □ 



Proof of Proposition [5741 Let us split the integral corresponding to Ji(t) 
into two parts: 

/■(*-2)+ 

A(t) := / Ji(t- v,v) dv, 



One has: 



where, by 



B(t) := [ Ji(t-v,v)dv. 
J(t-2)+ 

e pt A{t) = / l t _„> 2 Jt(t - v, v) e pt dv; 
Jo 

tt-v>2Ji(t-v,v)e pt -^ef v (xMe Q {l), 



for l,v fixed and t tending to infinity. Moreover, by (|2"§|) and the fact that 
p- 2.8 < -0.6: 

t t - v > 2 J l (t-V,v)e pt < C-2.8 V - P (t- V}+P t < ^ -o.ito 

which is integrable on R + . 
Hence: 

e pt A(t) < C, (43) 

and by dominated convergence: 

e pt A(t) — ► ifeo(i), (44) 

where / is fixed and 

/■OC 

# = / e" v ( Xv \e ) dv 
Jo 

is the constant defined in Proposition 11.41 The majorization (|4li)) implies that 
if is necessarily finite. 

The integral B(t) can be estimated in the following way: by (|28[) . 

ft r< -2.9v 

e pt B(t) <e pt _ e~' / 8t <fo 

" i(t-2) + *V5 

- St 

* Vt (45) 
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Proposition 15.41 is a consequence of (|4"5)) . (|4"4")l and (|4"5j) . 



□ 



The estimates given in this section are used in the second part of the proof 
of Proposition [Lj] 



6 Proof of Proposition 11.41 (second part) 

In this section, we estimate the right hand side of (|22l) . which is, by Proposition 
14.11 equal to the left hand side of (fTU)) in Proposition [L^] 
We need the following lemma: 



Lemma 6.1 For all M > 0, and all junctions /, g from 



dm 



9 



M 



Y? dy 



to 



5~ Cm 



M / 5, 



where C' M > is finite and depends only on M . 
Proof: One has the following majorization: 



dm 



M 



Y v dy 



<e Mp ' i dm 
Jo 



M 

9ll , 



Y, v dy 



(46) 



since / is nonnegative and —x 2 + px < p 2 /4 for all 
Now, for all positive and measurable functions hi and h 2 : 



dm 



dm 



; /o°°[-(^o) 3 +P^ ]d a ^ 

dl / K[ p \v)hi{v)dv^ 



Y?dy) h 2 



hi 



Y, y dy 



E 



M 



12 \ I U 

10 



Yfdy 



M 



2 I / U 

10 



Y, y dy 



by Lemma 13.21 

By additivity properties of squared Bessel processes, the law of Y t v dy is the 

convolution of the law o~\ of f^ 1 Y^dy and the law o~ 2 of J" Q M Yq dy. 

Since by Proposition 15.21 a 2 has the density Dm with respect to Lebesgue 

measure, we have the equality: 



E 



which implies: 



dm 



M 



Yfdy 



dth2(t) / <Tx(du) Dm(1; — u), 
Jo 



\ / r M \ 

Yj>dy) h 2 / Yfdy 

-oo J \J0 i 
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poo poo 



dl I K\ p) (v) fti(u) dv I dth 2 {t) I a!(du)D M (t-u). 



JO JO 

By monotone class theorem and easy computations, for all positive and mea- 
surable functions g: 



dlE 



j-4-( Y 'T +pY ' y h , 



M 



Yfdy 



o Jo 



dtg(t) I dl I cr 1 (du)(Kf p) *D M )(t-u). 



Now, by Proposition 



and 



since <j\ is a probability measure. 
Hence: 



{K[ p) *D M ){t-u) <C M e 



<J\{du) < 1, 



— V M l 



dm 



J^l-(Y?T+ P Y?yv a [ M Y y 



Y, y dy 



— I-,- (47) 



vm Jo 



The majorizations (1461) and (|47[) imply Lemma l6.ll 



□ 



After proving this lemma, let us take T g E and e > 0; by splitting the right 
hand side of ([212]) into two parts, we obtain: 



where: 



h 



dm 



and 



.» ( T - I Y^dyJ Ijm^ Y y dvi{T -e,T] 



M 



'2,6 



dm 



By Proposition 15.41 



/ dy] 1 

J — OO / 



/^J? dy£[T-e,T] 



T->c 



and 



t(p) [ T . 



Ifdy J l/j^ o Y-»dj/^[r-e,r] 
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Since: 



dl\ 



< e Mp 2 /4 



dlE 



K[ p) dl< oo, 



one obtains: 



h,e — >• K 
' T-H-oo 



J-L (-[r?+m]'+py?)d V ^ Y M) 



KA^ M (f)<oc, 
(48) 



by dominated convergence. 

On the other hand, by Proposition 15.41 



h.e < C 



1+ IT — 



dm 



M 



-1/2N 



Y, y dy 



S-^Y? dye[T-e,T] 



and by applying Lemma RTT1 to the function g : t — > (1 + (T — t) I ' 2 )l t grx_ e ,T] : 

/ 2 , e <CC; f (e + ^). (49) 
Therefore, by combining (|4"8")) and (|49p : 



limsup |e pT l 

TG-E,T-+oo 



■r„^+/(!/)] 2 'ir 



-KA^(f)\<CC' M (e + V~e), 



and by taking e — > 0: 



-/^.K+ZCv)] 2 ^! 



X T >M 



A .V U (A (50) 



Now, let us prove the continuity, with respect to T, of the left hand side of ([5 
If T € K+ and T < T + 1 tends to T , then P- almost surely, L y T tends t 
and L V T < L V T +1 for all y E K. 

Since y — » -^t +i + /(y) ^ s square- integrable, by dominated convergence: 



[L y T + f{y)fdy 



[L y To +f(y)] 2 dy. 



Another application of dominated convergence gives: 



f?L,lL y T +f(y)] 2 dy. 



,-f^[L y Tn +f(y)] 2 dy. 



T^Tn 



0. 

(51) 



Moreover: 

P[\tx To >M-t XT > M \] <P[3te [T ,T],X t = M] 



T->To 



<[X To =M]=0, 
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which implies: 



X T >M 



— > 0. 

T-S-Tn 



The convergences ([BTjl and (j52")) imply the continuity of: 



(52) 



T — > e pT l 



■ jr^T+fiv)} 2 dy 



X T >M 



Since E is dense in R + , we can remove the condition T € E in (|50p . which 
completes the proof of Proposition 11.41 □ 

7 A conjecture about the behaviour of Q 13 

In this paper, we have proven that one can construct a probability measure 
corresponding to the one-dimensional Edwards' model, for polymers of infinite 
length. 

Moreover, there is an explicit expression for this probability Q' 3 . 
Now, the most natural question one can ask is the following: what is the be- 
haviour of the canonical process X under Q* 9 ? 

At this moment, we are not able to answer this question, which seems to be 
very difficult, because of the complicated form of the density D% of Q^- , with 
respect to P|jf s - 

However, it seems to be reasonable to expect that Xt has a ballistic behaviour, 
as in the case of Edwards' model on [0, T]; one can also expect a central-limit 
theorem. 

Therefore, we can state the following conjecture: 
Conjecture: Under (Qr, the process X is transient, and: 

Q' 3 (X t — -> +oc) = ®P (X t — > -oo) = 1/2. 
Moreover, there exist universal positive constants a and a such that: 

™ — ^ a/3 1 / 3 

t t— >oo 

a.s., and such that the random variable 

Vt 

converges in law to a centered gaussian variable of variance a 2 (the factor /3 1 / 3 
comes from Brownian scaling). 

It is possible that the constants in these convergences are the same as in 
[vdHdHK97j , despite the fact that we don't have any argument to support this. 
It can also be interesting to study some large deviation results for the canonical 
process under , and to compare them with the results given in |vdHdHK03| . 
On the other hand, if the proof of the conjecture above is too hard to obtain, it 
is perhaps less difficult to prove, by using Ray-Knight theorems, some properties 
of the total local times (L^ ) 1 , e K of X, which are expected to be finite because 
of the transience of X. 
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